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TOM TAT

Ldp trinh cgnh tranh 1& mgt mén thi tri tué vé ldp trinh thuong dwoc t6 chitc trén Internet
hay trén mang ngi bg, thi sinh tham gia cé gang dé viét chwong trinh giai quyét cong viéc
theo yéu cau cho trirde. Céc trwong dai hoc, cac hgi tin hoc khac nhau trén thé gigi déu
chon phirong thire nay dé tao san choi cho hoc sinh, sinh vién vé kj nang Idp trinh.

Bai toan truy van vang 1a mér bai todn thirong xuyén gap trong cac ky thi ldp trinh canh
tranh. Bai todn nay diroC gidi Véi nhiéu phwong phdp khéc nhau, tuy nhién 16 gidi tot nhat
chinh 1a sir dung cac cdu trac di liéu nhuw cdy phdn doan, cay nhi phan chi myuc. Bai bao
nay trinh bay néi dung chinh vé cdy phdn doan ciing nhw cach dp dung né dé giai mét so
bai toan cung dang trong cac ky thi Olympic tin hoc. Hon nita, néi dung trén ciing la kién
thizc bo sung cho sinh vién, hoc vién cao hoc trong phan phan tich va thiét ké thudt toan.

Tur khda: Cay phan khodang, Cay phdn dogn, Cay chi muc nhj phéan.

1. GIOI THIEU

Bai toan truy van viing la mot bai toan thuong xuyén gap trong cac ky thi lap trinh canh
tranh. Bai toan nay dugc giai véi nhidu phuong phap khac nhau, tuy nhién 15i giai tot nhat cho
bai toan nay chinh 1 sir dung cac cau trdc dir liéu nhu cdy phan doan, cay nhi phan chi muyc. Bai
toan nay trudc day duoc giai bang cau trdc cay phan khoang (Interval Tree) [3] tuy nhién viéc
cai dit tuong ddi phirc tap vi d6 13 mot ciu tric dong. Ciy phan doan (Segment Tree) giai quyét
bai toan trén tot hon vé mat cai dat. Noi dung cua cau tric dit liéu cay phan doan bang tiéng
Viét khong nhiéu, chua phd bién, va ciing khong duoc trinh bay trong cac giéo trinh vé cau tric
dir liéu va giai thuat, gido trinh vé phan tich va thiét ké thuat toan [1, 2, 3]. Céc tai liéu nudc
ngoai ddi vai phan nay chi 1a cac bai viét huéng dan [4, 5] do d6 kho nam bat kién thrc.

Bai bao nay trinh bay vé noi dung ciia bai toan truy van viing va xay dung mot cau tric
dir liéu vé cay phan doan nham dwa ra phuong an giai cho mot 16p cac bai toan cing dang. Vi
cau trdc xay dyng & trong bai bao nay ngudi doc dé dang p dung dé giai dugc mot 1op céc bai
toan cing dang va dé dang duoc chap nhan trén cac trang thi tryc tuyén.
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2. BAI TOAN TRUY VAN VUNG VA CAY PHAN POAN
2.1. Bai toan truy van ving

Phat biéu bai toan: Cho mot tap n déi tuong A={ ay, a,,.., a,}, ngudi ta lién tiép dua ra
cac tac dong 1én tap A, mdi tac dong duoc thuc hién trén mot khoang lién tiép cac ddi tuong cé
dang A;; = {a,, i <k <j}. Cac tac dong duogc dé cap dén & day la:

- Céc phép toan théng ké thong dung nhu tim phan tir I6n nhat, nho nhét, tinh tong cac
phan tir, tinh trung binh cong.

- Phép toan cap nhat, tirc 1a thay doi gia tri cua cac phan tu trén khoang.

Day 1a mot bai toan tuong dbi dé hiéu vé giai thuat, c6 thé dé dang giai bai toan bang
thuat toan ngay tho tic 1a ding mot vong lap xac dinh tir vi tri i dén j dé xir 1y cac tac dong trén
cac phan tir. Vi vay véi n tac dong lién tiép ta c6 do phirc tap thuat toan trong trudng hop nay la
O(n%). Viéc giam do phuc tap cho bai toan trén xudng O(nlogn) chinh 1a muc tiéu dit ra. Bai
toan nay dugc giai bang nhiéu phuong phap khac nhau va duoc phén tich k§ trong [5], trong
phan tiép theo ching t6i chi dé cap dén phuong 4n giai bang cdy phan doan.

2.2. Pinh nghia cay phan doan

Cay phan doan la mot cay nhi phan can bing va Ia ciu trac tinh. C4c ndt cua cay luu trix
dix liéu théng ké theo yéu cau truy van caa mot doan xac dinh cua cac phan tir trén mang. Nt 14
Iuu gia tri 1a cac phan tir cia mang va chi sé dau, cudi cua doan. NGt trung gian (ké ca nit goc)
chua dit lidu thdng ké truy van caa doan. Chi muc dau tién cua cay (nat goc) s& 1a 1 va véi mot
nat ¢6 chi muc la i thi n6 s& c6 cay con trai véi chi muc la 2i va cay con phai cé chi muc la
2i+1. Theo tinh toan ngudi sir dung danh séch véi kich thuéc khoang 4*n+1 phan tu.

Vi du 1: xay dung cay phan doan cho day sé Arr[]={30, 9, 62, 2, 6, 39, 22, 77, 16, 23},
v6i n = 10 phan tir, trong d6 phép thong ké 1a tinh tong cac phan tir trén doan. Theo dinh nghia
ta cé cay nhu hinh 1.

4 tri thong ké
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Hinh 1. Cay phan doan cho bai toan tinh tong
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Nhu vay nit 14 s& luu gia tri cia cac phan tir trén mang, nut 1a duoc xac dinh khi chi s6
dau bang chi sé cudi caa doan, viéc phan chia doan thuc hién bang phép chia dé tri, lién tiép
chia d6i doan cho dén khi chi s6 dau bang chi s6 cubi.

Vién d& dat ra 1a xay dung cac cau tric cay sao cho viéc nhan dang duoc bai toan va ap
dung duoc thuc hién nhanh nhat. Theo d6 ta co cac dang bai toan sau:

- Bai toan 1: truy van ving chi c6 mot phép truy van théng ké (goi 1a query).

- Bai toan 2: truy van viing c6 ca hai phép toan Ia truy van thong ké (query) va truy van
cap nhat (update), tirc 12 bai toan tong quét.

2.3. Cay phan doan véi bai toan 1

2.3.1. CAu tric cdy mé ta bang java
public class SegTree{

static class Node{ /*1. dinh nghia nut*/
int start, end; /* dia chi doan cua nat*/
int sum; /* dir liéu thdng ké*/
Node(){} /* tao gid tri ban dau cho nat*/
void assignLeaf(.){} /* ham gan gia tri vao nut la*/
void merge(.){} /* ham tron thong ké*/
int getValue() {} /* ham lay gi4 tri théng ké*/
static int Arr[]; [*2. Mang dix liéu vao */
static Node tree[]; /*3.Céay segment dung Ién tir mang */
static void buildTree(..) {} /*4. Ham tao cay*/
static Node query(..) {} /*5. Ham truy van — Query™*/
static void update(..){} /*6. Ham cap nhat — Update*/
static void main(){} /*7. Ham main*/
}

2.3.2. Phép dung cay - thuat toan 1

Dua trén phan dinh nghia cta cay ta c6 thuat toan dung cdy bang ki thuat dé quy nhu
sau:

buildTree(int stindex, int ss, int se) {

Dau vao

- stindex: 1a chi muc hién hanh cua cay, gié tri khoi dau la 1

- ss, se: la chi muc dau va cudi cua day, khoi dau 1a 0 va N-1

Dau ra:Cay phan doan

Phuong phap:

Buac 1. Cap nhat dia chi doan
tree[stIndex].start=ss; tree[stIndex].end =se;

Budc 2. Cap nhat nat 14, néu ss = se
if (ss== se) {tree[stIndex].assignLeaf(Arr[ss]);return;}

Buac 3. Goi dé quy xay dung cay bén trai véi dia chi stindex=2*stindex
buildTree(2 * stindex, ss, (ss+se)/2);

Budc 4. Goi dé quy xay dung cay bén phai vai dia chi stindex=2*stIndex+1
buildTree(2 * stindex+1, (ss+se)/2 + 1, se);

Budc 5. Goi ham thong ké tron nit con trai va con phai, xay dung ndt trung gian va ndt gbc
tree[stIndex].merge(tree[2 * stindex], tree[2 * stindex + 1]);

}
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Goi T(n) 1a ham do thoi gian thyuc hién thuat toan, ham T(n) dwoc goi hai lan ¢ budc 3,
budc 4 véi mdi lan goi kich thudc n giam di mot nira ta ¢6 dwoc ham theo cong thic truy hoi
sau:

néun =1 1)

1
T(n) = {ZTG) +1 néun>1

Vi cong thirc 1, dé dang xac dinh dugc d6 phirc tap cua thuat toan trén la O(n).
2.3.3. Phép truy van - thuat toan 2

Vi du 2: xét phép truy van Q 2 5 (trén cay liy dia chi 12 Q 1 4 theo céch lay dia chi cua
ngdn ngir lap trinh). Do doan can truy van [1, 4] nim & mot phan cua doan [0, 3] va [4,7] nén
bai toan duogc goi dé quy cho nhénh trdi va nhanh phai, teong tu trén bai toan dugc goi dé quy
lién tiép, nat c6 mau sam I cac nit tra vé cho cac 10i goi dé quy va gid tri tong hop céac nt trén
1a két qua cua bai toan.

oo (1,13 221 3.3) (4,41 5.5) 58] 7.7

2114
Hinh 2. Phép truy vin Q 2 5 trén cay
Thuét toan duoc xay dung bang ky thuat dé quy nhu sau:

Node query(int stindex, int gs, int ge) {
Dau vao
- stindex: la chi muc hién hanh cua cay, gié tri khoi dau la 1
- gs, ge: la chi muc dau va cudi cua ving truy vain
Dau ra: Tra vé nit trén cay
Phuong phap:
Budc 1. Néu [gs start-—-end ge] thi
if (gs <= tree[stindex].start && tree[stIndex].end <= qe) return tree[stindex];
Budc 2. Goi dé quy bén phai néu [mid < gs ge]
int mid = (tree[stindex].start + tree[stindex].end) / 2;
if (gs > mid) return query(2*stindex+1,qgs, qe);
Budc 3. Goi dé quy bén trai néu [gs ge mid]
if (ge <= mid) return query(2*stindex, gs, qe);
else {
Budc 4. Goi dé quy trén ca hai cay la tron két qua
- 4.1 Néu --start---[gs---end qe], trong trudng hop ndy ge=mid
Node leftResult = query(2*stindex, gs, mid);
- 4.2 Néu --[gs---qe start]---end, trong truedng hop nay gs= mid+1
Node rightResult = query(2*stindex+1,mid+1, ge);
Node result= new Node();
result.merge(leftResult, rightResult);
return result;
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Goi T(n) 12 ham do thoi gian thyc hién thuat toan, ham T(n) dwoc goi mot lan hoic &
budc 2 hoac & budc 3 voi mdi lan goi kich thudc n giam di mot nua ta cd duoc ham theo cong
thic truy hoi sau:

1 néun =1 (2)
= n ,
T T(§)+1 néun>1

Véi cong thirc 2, dé dang xac dinh duoc do phirc tap cua thuat toan trén la O(logn).
2.4. Cay phan doan véi bai toan 2

Do cac phép toan cap nhét va truy van dan xen nhau, trong ldc cap nhét doan, thay vi
cap nhat tir nat 14 roi tron két qua dé xay dung lai cay nhu thuat toan 1, nguoi ta chi ghi nhan
hoac cap nhat gia tri do trén nut 14 thong qua mét truong dir liéu goi la pUpdate va sau d6 tinh
dugc gié tri cap nhat cho toan doan trén nit goc caa doan vai gié tri 1a (gs — ge + 1) * pUpdate,
qua trinh nay lap cho dén khi gap lénh query, ngoai viéc tron dé lay gia tri théng ké cau lénh nay
gan lai cho truong pUpdate bang khong trén doan truy vin. Nhu vay trong trudng hop nay hai
phép toan query va update co tinh ning twong tng nhau va hd trg cho nhau, phép query cai dat
tuong tu thuat toan 2 va co do phuc tap O(logn). Két luan véi phép cai tién nay bai toan duoc
giai quyét v6i hai phép toan déu co do phirc tap O(logn).

2.4.1. Binh nghia nut trén cdy véi phép upate doan.

Ngoai cac truong dir lidu nhu trén, ta bd sung thém mot truong dir lieu nita d6 1a
pUpdate tic la cho doi cap nhat, gia tri caa trudng nay ghi nhan viéc cap nhat dix liéu ¢ nut 14,
va trong IGc gap I1énh update né lién tuc duoc cap nhat cho dén khi gap lénh query lap tic nd
duoc tra vé gia tri 0. Ham tron (merge) ngoai viéc théng ké con tinh ludn gié tri cap nhat néu
truong pUpdate I6n hon 0.

Cdu tric nit md ta bang ngdn ngir Java
static class Node{
int start, end;
long sum, pUpdate;
void assignLeaf(long value) {sum = value;}
void merge(Node left, Node right) { sum = left.sum + right.sum;
if (left.pUpdate >0) sum = sum + left.pUpdate * (left.end - left.start +1);
if (right.pUpdate >0) sum = sum + right.pUpdate * (right.end - right.start + 1);
}
long getValue() { return sum;}
Boolean hasPUpdate() { return pendingUpdate !'=0;}
void applyPUpdate() {sum += (end - start + 1)*pUpdate; pUpdate = 0; }
void addPUpdate(long value) { pUpdate += value;}
long getPUpdate() {return pUpdate; }
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2.4.2. Phép truy van- thuat toan 3
Vi du 3: xét day sé Arr[]={0,0, 0, 0,0, 0, 0, 0} Vi cac phép toan nhu hinh 3 sau:

- Phép cap nhat U 1 4 26: Phép todn nay cap nhat véi doan chi ra twong ng vaéi cay con
trai, sau khi dinh vi dugc cac nat 1& va gan gi tri truong pUpdate vai gid tri 26 vai nat cdé mau
sam, sau d6 bang phép tron tinh ra dugc gié tri cua cac nat gde hinh 3.a.

- Phép cap nhat U 5 8 80: tuong tu trén cho cay con phai ta c6 hinh 3.b.

- Phép cap nhat U 3 6 20: Phép toan nay cap nhat voi doan thugc mot phan trén cay con
trai, mot phan cdy con phai, cac nat duoc dinh vi trong khoang cap nhat s& tang gié tri truong
pUdate I&n bang véi gia tri dua vao, sau do6 tron lai cac nat goc hinh 3.c.
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Hinh 3. Cay vai phép cap nhat trén doan

- Phép truy van Q 4 5: Phép toan nay véi doan truy van ciing nam trén hai phan cua cay,
sau khi dinh vi dwoc nat 14: cap nhat lai di liéu cho nat 14 (phép toan nay khong xay ra ddi véi
phép cap nhat), gén gia tri pUpdate bang 0 va thong ké di liéu truy van hinh 3.d.

Nhu véy, theo dinh nghia ciy & trén phép query va phép update trong cau tric nay la
tuong ty nhau, mot ham kiém tra tinh trang da cap nhat hay chwa thong qua dir liéu pUpdate,
mot ham lién tuc cap nhat gia tri truong pUpdate va chi cap nhét lai nat gdc caa doan cho gia tri

thong ke.
Node query(int stindex, int gs, int ge) {
Dau vao
- stindex: 1a chi muc hién hanh cua cay, gia tri khoi dau a1
- gs, ge: la chi muc dau va cubi cua vung truy van
Dau ra: tra vé nit trén cay
Phuong phap:
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Budc 1: Néu [gs start---end qe] thi
if (tree[stIndex].start == gs && tree[stindex].end == ge) {
if (tree[stIndex].hasPUpdate()) tree[stindex].applyPUpdate();
return tree[stindex];
}
Budc 2. Goi dé quy bén phai néu [mid < gs qge]
int mid = (tree[stindex].start + tree[stindex].end)/2;
Node result=new Node();
if (gs > mid) result = query(2* stindex + 1, gs, ge);
Budc 2. Goi dé quy bén phai néu [mid < gs qge]

else if (qe <= mid) result = query(2* stindex, gs, ge);
Budc 4. Goi @é quy trén ca hai cay la tron két qua

else {
Node leftResult = query(2* stindex, gs, mid);
Node rightResult = query(2* stindex +1 , mid+1, qe);
result.start = leftResult.start;
result.end = rightResult.end;
result. merge(leftResult, rightResult);
}

Budc 4. Kiém tra xem n(t hién hanh di cap nhat hay chwa
if (tree[stIndex].hasPUpdate()) {
result.addPUpdate(tree[stindex].getPUpdate());
result.applyPUpdate();
}

return result;

}

2.4.3. Phép cap nhat- thuat toan 4
void update(int stindex, int gs, int ge, long value) {
Pau vao
- stindex: la chi muc hién hanh cua cay, gié tri khoi dau la 1
- gs, ge: la chi muc dau va cudi cua ving truy vain
Dau ra: tra vé ndt trén cay
Phuong phap:
Budc 1. Néu ss= se thi cap nhat gia tri tai vi tri index véi gia tri 1a value
if (tree[stindex].start == tree[stindex].end) { tree[stindex].addPUpdate(value);return;
}
int mid = (tree[stindex].start + tree[stindex].end)/2;
Budc 2. Goi dé quy cay phai
if (gs > mid)
update(2* stindex+1, gs, ge, value);
else
Budac 3. Goi dé quy cay trai
if (ge <= mid)
update(2* stindex, gs, qe, value);
Budc 4. Goi dé quy trén ca hai cay
else {
update(2* stindex, gs, mid, value);
update(2* stindex+1, mid+1, ge, value);
}
Buac 5. Tron cay
tree[stIndex].merge(tree[2* stindex], tree[2* stindex+1]);
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3. AP DUNG GIAI CAC BAI TOAN OLYMPIC TIN HQC

Véi cau triic cdy phan doan nhu trén, cac bai toan [6, 7] sau hoan toan duoc giai mot

cach dé dang bang viéc dinh nghia lai nut trén cay.

Bai toan 1 (NKLINEUP). Cho mét day n s nguyén a;, ay, .., a, Viét chuong trinh
thuc hién g cau hoi thugc cac dang sau: Timivajmax <i, j<yvai! =], sao cho a; la phan tu
I6n nhat va a; 1a phan tir nho nhat. In ra a; - a;, c phap: q xy

Rang buoc: 0 <x, a; < 10° 1 <n<50000,1< q < 200000

Bai toan nay thuoc dang cdy phan doan & muc 2.3, ta chi can dinh nghia ciu trdc nit

nhu sau:
static class Node{

int start, end;

int max, min;

Node(){ max= min=0; }

void assignLeaf( int num) { max = num; min = num; }

void merge(Node left, Node right) {
max = Math.max(left.max, right.max);
min = Math.min(left.min, right.min);

int getValue() { return max - min; }

}

Bai toan 2 (FLIPCOIN). Cho mét day n gié tri logic ay, @y, .., a,. Viét chuong trinh
thuc hién g cau hoi thudc cac dang sau:

Truy van 1: phu dinh gié tri cac phan tir trong khoang [a, b].
Truy van 2: dém xem c6 bao nhiéu phan ti 1a true trong khoang [a, b]. In ra gia trj do.
Rang budc: 1 <a,b<n, I <n, q< 10

Bai toan nay thuoc dang cay phan doan vaéi hai phép toan query va update, do d6 ta
dung ciu trdc cay phan doan & muc 2.4 va chi can dinh nghia 1a c4u trac nat nhu sau:

static class Node{
int start, end;
int count;
Boolean pUpdate;
Node(){ count=0; pUpdate=false;}
void assignLeaf(Boolean value) {}
void merge(Node left, Node right) {
count = (left.pUpdate ? (left.end - left.start + 1 - left.count) : left.count)
+ (right.pUpdate ? (right.end - right.start + 1 - right.count) :
right.count);
}
int getValue() {return count; }
Boolean hasPUpdate() {return pUpdate;}
void applyPUpdate() {
count = (end - start + 1) - count;
pUpdate = false;
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}
void addPUpdate(Boolean value) { pUpdate = !pUpdate; }
Boolean getPUpdate() { return true;}

K thuat cdy phan doan nay ciing duoc ding dé giai quyét dugc nhiéu bai toan cling
dang ¢ [8].

4. KET LUAN

Nhu vay qua viéc khao sat va cai dit cho bai toan truy van viing bang ciu trac dir liéu la
ciy phan doan, ta c6 dugc mot sb két luan sau: dat duoc tdc do thuc hién ma bai toan dat ra, cau
trdc bo nhd hop ly, cai dat dé dang theo mau dé giai céc bai toan cing dang théng qua cac thuat
toan mau. Han ché caa ciu trdc ndy 1a cac phép toan thong ké trén doan 1a don gian, néu 1a phép
thng ké phirc tap nhu tan suat xuat hién, dém sé phan tir thoa diéu kién nao do, thi bai toan nay
s& dugc giai quyét bang ciu trdc dir liéu khac dé 1a cu tric cay chi muc nhi phan.

Trong khudn kho caa bai bao, chiing t6i chi dua ra phan ly thuyét ciing nhu phan thuc
hanh trong viéc nghién ctru bai toan Truy van ving va cau trlc dit liéu Cay phan doan. Véi cac
bai toan mau kém 1oi giai cu thé né cé thé gitp ich cho cac sinh vién tiép can duoc véi 16p bai
toan nay trong cac ky thi Olympic Tin hoc, thi lap trinh truc tuyén. Ngoai cac cau tric dir lidu
trén, bai todn nay con c6 thé giai bang cu trdc cay chi muc nhi phan 1a huéng nghién ctu tiép
theo cua bai béo.
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Céc cdu tric di liéu nang cao cho bai toan truy van viing

ADVANCED DATA STRUCTURES FOR RANGE QUERY PROBLEM

Tran Viet Khoa
Department of Information Technology, Hue University College of Sciences
Email:tvkhoa.husc@gmail.com

ABSTRACT

Competitive programming is an intellectual sport. Competitive programming contests are
usually held over the Internet or local networks in which participants trying to solve given
problems. A lot of universities and Information Associations in the world have used this
method to organize “playing field” on programming skills for pupils and students.

The Range Query Problem is a frequently encountered problem inthe Vietnam'’s
Olympiads in Information and Technology for Students and International Collegiate
Programming Contest (ACM/ICPC). The problem can be solved by various methods;
however the best solution to this problem is to apply data structures such as segment tree
and binary index tree. In this paper, we present the primary idea about Segment tree and
how to apply it to solve Range Query Problems. The paper also provides additional
knowledge for students, graduate students in area of algorithms analysis and design .

Keywords: Interval Tree, Segment Tree, Binary Index Tree.
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